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HARMONIC WAVE SOLUTIONS OF THE NONLINEAR
VORTICITY EQUATION FOR A ROTATING VISCOUS FLUID

ABSTRACT

With the assumption of non-divergent horizontal flow,
harmonic wave solutions of the nonlinear hydrodynamic equations
for a rotating, viscous fluid are obtained both for the plane
and for the sphere. These solutions yield waves which may be
damped, amplified, or remain unchanged, depending on the longi-
tudinal and latitudinal extents of the waves, and also on the
vertical profile of its stream function. For plane flow, the
vertical profile of the velocity components is shown to be a
sinusoidal function, or a hyperbolic sine and cosine of z,
proportional to or independent of z. For spherical flow, the
vertical profile is shown to be proportional to a Bessel func-
tion of oxder n +.% and n, a positive integer, is the order of
an associated Legendre function., Harmonic waves are amplified,
neutral or damped, depending respectively on whether the argu-
ment of the Bessel function is imaginary, zero or real. No
stationary wave is possible in spherical viscous flow, although
quasi-stationary waves, which may be defined as waves with zero

wave-velocity but changing wave-amplitude, may occur under cer-

tain circumstances.
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HARMONIC WAVE SOLUTIONS OF THE NONLINEAR
VORTICITY EQUATION FOR A ROTATING VISCOUS FLUID

1. Introduction

The linearized vorticity equation for a rotating invisid
fluid was first studied by Rossby (1939), who obtained a solu-
tion for the motion of sinusoidal waves of infinite lateral
extent on an earth whose variation of Coriolis paramter with
latitude is constant, Later Haurwitz (1940) extended Rossby's
method and obtained solutions for waves of finite lateral ex-
tent on a horizontal plane (1940a) and on a sphere (1940b).

Ertel (1943) treated the nonlinear vorticity equation
for a rotating invisid fluid and obtained a solution for sta-
tionary motion of harmonic waves of finite lateral exient on
a sphere, Craig (1945), Neamtan (1946), Rombakis (1948),
Hbiland (1951), and Long (1952) have more recently studied
the nonlinear vorticity equation in great detail,

In all the previous treatments the fluid has been consid-
ered as nonviscous, and motion is independent of height. It
is the objective of the present paper to study the fluid motion
including the effects of the viscosity and the height depend-
ency of velocity components. On account of frictional effects,

the stream functions obtained for the solutions vary with time,

e
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2. Harmonic Wave Solutions of the Nonlinear Vorticity Equation

for a (rotating) Viscous Fluid on an Earth whose Variation of
Coriolis Parameter with Latitude is Constant

If the vertical velocity is neglected and zero horizontal
divergence is assumed, the equations of atmospheric motion and

equation of continuity are

du 2 2
 TREE TREF TRUEE L TRt = Sk - 2 X RG)
2
Grruges %" =“'IF%$+'(§‘T+8, +54). @
JZ!. Jlx -

where x, y, z are the Cartesian coordinates, positive toward
the east, north and upward respectively; u, v the velocity
components in the x~ and y-direction respectively; f = 20 sin ¢
where Q is the angular velocity of the rotating earth; ¢ is
the latitude; v 1is the coefficient of kinematic viscosity,
p the pressure and p the density.

Equation (3) shows that there exists a stream function ¥}

such that

8 _ 0
“"3’,’" "3’%' (4)

If we assume further that fluid is autobarotropic, the vortic-

2
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ity equation of a rotating viscous fluid is

8 ,0v8 _B8ye8 _ 0° ,8° . 9% }
{8t+8x 8x Oy Ox ‘"(g?'*ﬁ'f* )

8 2%
5% o° 5y (5)
AYT AT ALY FRAR
where
B=-‘?—;-'-‘-'2—;,Q-cos¢ ) . (6)
a being the radius of the earth,
Assume wave solutions of the form
cos K(x~ct)cosKyy (7a)
vixy,z2,t)= —Uy+{A sin(¢y+¢)+8( )}-
sin K(x—~ny-ct) (Tb)
«g@ebit,
cos K(x+Rz-ct)cosKny (Te)

vixy,ztl=-Uy+ {A sinlay+Rz+¢)+B| cos K(x-ct) cos K(ny+Rz) }'(7d‘)

sin K{x-g9y+Rz~ct) (7e)

coht
where A, B, R, ¢ : arbitrary constants
¢, R, E',.fz, : constants whose values are to be determined
¢ = wave velocity, positive toward the east

= -E—'-T-, L = wave length

In (Ta) (Te) (D) : 7= L‘-, = twice the lateral
D extent of the waves

In (7b) and (7e) : 7= reciprocal of the horizontal
slope of the trough and ridge
lines

O
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Stream functions (7a), (7¢), and (7d) represent waves of finite
lateral extent, whereas stream functions (7b) and (7e) repre-
sent waves with horizontally tilted troughs and ridges. There
is vertical tilt of troughs and ridges in the waves represented
by (7e¢), (7d), and (7e) but no vertical tilt in the waves rep-
resented by (7a) and (7b).

It is to be noticed that the mean zonal speed averaged

over a complete wave length,

L
..'!:.fudx=U-aAcos‘(ay-l'dq(‘z)e-e't . (8a,b)
(
L
-ll_—fudx=U—aAcos(ay+ﬁz+c)c-€2t . (8¢,d,e)

[+]
varies not only with latitude but alse with height and time,
Here (8a), (8b), (8¢c), (8d), and (8e) give the mean zonal speed
corresponding to the waves represented by (7a), (7b), (7¢), (7d),

and (7e), respectively.

Substituting from (7a), (7b) in (5), dividing through

'€|t

with g(z)e and arranging terms, we have

BK { [x*(m,z) (u- c)+B] + Aa [.2— K20+ ,,2)] cos (ay + ) g(2) .“"} .

inK{x-ct)cos K ‘ . (%)
. ('»n iy c oot “”)+ {.2[5'-,(¢2- %(i:)-)-)]Acog(uy-o-c)
-cosK{x=qy=-ct) (9b)

2 2 2 2 g¢4z)\]/cosK (x~ct)cos K9y
+BK (I+9 )[E-v K (+ )-——-—]( =0
' ( T sin K{x=~ny=-ct) !

AR
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where ¢''(z) denotes the second derivative of g(z), Similarly,

substitution of (7¢c), (7¢), and (7e) in (5) gives

BK {[Kz(l +v;z)(U-c) +ﬁ]+ Aa[uz-Kz(qu)] coslay+Rz +¢)0'€nt} .

sinK(x+Rz—-ct)cos Ky
. <cos K{x-ct) sin K(v,y-o-Rz)) + {g,z[e'-v(aa-o-ﬁz)]ﬁ« sin (ay+Rz+e)
cosK(x-gy+Rz-ct)

cos K{x+Rz-ct)cos Kny (%)

2 2 2 2 2 . |
+BK (I+9 )[tt—vK (I+9 +R )] (cos K(x—ct)cos K(ny+Rz) }g o. (9d)
sin K(x-qy+Rz-ct) (%)

Thus it is seen that (7a), (7b), (T¢), (7d), and (7e) are solu-

tions of (5) providing that

VLA (10a,c,d)
22 T (10b, e)

From (9a), (9b), (%), (9d), and (9e), we have

2 2
BLD (11a,c,d)
u—
axi(L2+0) '
c=
Bl.z
v--E5—u
axt(l+9) (11b,e)
2 ‘
v[ﬂ; - (24 p2)- g"m] (12a)
 L2p g(z2)
&= .
+ ol 22
[ L 1+ Nﬂ] ' (12b)
N



e mbe e s

-T - |
yﬁg-; [Lz-f 0201+ Rz)] (12¢,d) |
viEp !
es
) 4v2 2 2
o2 [+ +Rf] (12¢)
and
B=KR (13) ‘?

Equations (lla, ¢, d) give wave velocity in terms of U, B, the
wave length L, and the lateral extent D/2, whereas (1lb, e) give
the wave velocity in terms of U,B8, L, and the reciprocal of
the horizontal slope of trough and ridge lines of the waves,
Since ¢, , has been assumed as a constant, g(z) must be propor-
tional to the hyperbolic sine and hyperbolic cosine of z, a
combination of sine and cosine of z, proportional to z, or in-
dependent of z. The last two cases contribute no frictional
effect and are of little interest. We shall consider the
férmer two cases which will be shown to be the major cause of
the growth of waves under certain circumstances, Let
9(z)= G sinh {z + E sinh {2 , (14) ‘
where G and E are arbitrary constants, It is obvious g(z) be- |
comes a circular function if { is imaginary. %
Stream functions (7a), (7b), (7c¢c), and (7e) may respec- %

tively be written i

-
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/i3 Klx-ct) cos Kn (15a)
W:-Uy+{Asin(K “,nz Y"")+B(°°' x—-ct) cos qy)}.

sin K(x=ny —-ct) (15h)
2 2 2
» (G sinh [z + E cosh ;z)‘o-v(K Uen)={ )t,
=-Uy-0-{l\sin(l(«/l+q2 y+KRz+¢)
cos(x+Rz~-ct)cos Kyy (15¢)
-sz(l-f-nz-O-Rz)‘t

+ B{ cos K{x—ct)cos K(ny+Rz) }- . (15d)
sin K{x—9y +Rz-ct) (15e)

The first term of the right side of equation (15) gives a com-
stant zonal velocity, the second term a pure zonal current
which is a function of latitude, height and time, the last
texm gives both zonal and meridional velocity which is a func-
tion of three coordinates and time. It is of importance to
note that waves will always be damped if the vertical profile
of velocity components is a sinusoidal function of z, propor-
tional to z, or independent of z, If the vertical profile of
the horizontal velocity component is a combination of hyper-
bolic sine and cosine of z, waves may be damped, unchanged,

or amplified, depending respectively on

K20+99 2 (2, (16)

 mh
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Examination of (16) reveals that the growth of waves in such
a system depends on the balance of the wave length and the
lateral extent (or the inclination of trough lines) of the
waves with the vertical profile of velocity components. The
smaller the horizontal extent of the waves, the greater the
damping effect will be, The frictional effect generated by
a sinusoidal velocity profile always serves as a damping fac-
tor, whereas a hyperbolic sine and cosine profile of velocity
serves as an amplifying factor, This can be justified from
the following energy considerations. Multiplying (1) (2) by
u and v respectively, then adding these two equations aﬁd

integrating it over the volume of the system, we have

zu
lz)

an

f‘g?('“%ﬁ)pdw-f(—g%— 'g-s')dr +fv{u(gi; + gzyuz + g
v v v

+ V(%:_vf"'g'sz*"%:%)}’d'
Examining the above equation, one finds that frictional effect
tends to decrease the total kinetic energy of the wave system
if the velocity components of the system are sine and cosine
functions of x, y, and z; whereas it tends to increase the

total kinetic energy of the system if the velocity components

are hyperbolic sine and cosine functions of x, y and z.1 The

1Friction also tends to increase the kinetic energy of the




»wm e

- 10 -

velocity components of the solutions with which we are deal-
ing in this section are sine and cosine functions in x and y,
but may be independent of z, proportional to z, sine and co~
sine functions of z, or hyperbolic sine and cosine functions
of z. According to the energy considerations it is obvious
that waves will always be damped out in the first three cases,
since the total kinetic energy of the system will decrease due
to frictional effect, However, in the last case the change of
total kinetic energy of the system due to frictional effect,
and therefore the growth of the wave, depends on the balance
of the kinetic energy being fed into the system due to the
vertical hyperbolic sine and cosine profile of velocity com-
ponents, and the kinetic energy being dissipated due to the
horizontal sine and cosine profile of the velocity components.

It has been previously pointed out that solutions (15a,
b, ¢, d, e) permit not only vertical but also meridional vari-
ations of the mean zonal current. This allows us to approxi-
mate a jet stream by a sinusoidal vertical profile, which
vanishes at the earth's surface and at z = H, say the height
of a homogeneous atmosphere, and has a maximum speed at

z = H/2, For this case stream functions (15a) and (15b)

system if u, v are proportional to x", y", z" for nZ2. How-
ever, this case is not of interest in the present problem,
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become

rcos K (x-ct)cos Kqy (18a)
*'{Alin(K |+,,2y+c)+a( )} '

sinK (x=qy-ct) (18b)

-v(Kz(H- z)-r-';-)t
. (cin‘—;-z)o K H

It is clear that in such a system frictional effects tend to
damp out harmonic waves. Of course atmospheric motion is com-
plicated; wave development is also affected by pressure-density
solenoids and vertical motion, Our objective here is to bring
out the effect of inertial force and frictional force in the
atmospheric motion,

More general solutions of the forms (1l5a, b, ¢, d, e) may
be constructed and expressed as follows:

cos K(x-ctlcos K, 9,y (19a)
*--Uy+{Alin(¢y+c)+ ig‘( )} .
: i=l * \sin K, {x= g,y - ct) (19)

2 .2
* (Gsinh [z +E cosh Cz)e.’(d Ry

[
v=-~Uy +2{AI sin(ay+ K‘iRz+¢)
izl

cos K (x+Rz-ct) cos K ny (19¢)
TR

+B| cos K(x~ct)cos Kiny+Ra2) }'c i . (19d)

sin K (x-ny +Rz -ct) (19e)

———



- 12 -

if

Kﬁlh’f): ‘. (20)
Equation (20) indicates a connection between the wave length
and the lateral extent in (19a), (19¢) and (19d), between the
wave length and the horizontal inclination of trough~and-ridge-
lines in (19b) and (19e). It is interesting to note that in

viscous plane flow stationary waves occur if both

U=—r&—z— '

and K-li+n")

2= K20+ D)
are satisfied,

Solutions (19a), (19¢) and (19d) contain the solutions
of Rossby (1939), Haurwitz (1940a), Craig (1945), and Neamtan
(1946) if we put ws={=R=0 whereas solutions (19b) and (19e)
contain the solutions of Machta (1949) and Arakawa (1953) by

putting »={=R=0.

3. Harmonic Wave Solution of the Nonlinear Vorticity Equation
for a Rotating Viscous Fluid on a Sphere

If radial velocity is neglected and zero horizontal di-
vergence is assumed, the two fundamental equations of spheri-

cal motion and equation of continuity are respectively reduced

i AL e b
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(.a_.....'.l.aa *’T‘.’fﬂ"'g'{’”"z““a Ux--g‘- tan 8
8o ) 22 2
=__:__r|_.a.5___:_§?(_kru--é-n r“sin ) (21D
+.[v2u,-—!!l,—-—fﬂr§—1]
rsind rsin
(-gt—-o-%l-ga--o- v g—)uvzncosau +Mton0
8 K 22 2 ,
,_.:.._r?ll'_.??% n%ﬁa-(-—;‘!-i-n ¢ sin 8) (22)
+v[szA— ’Ha o8 "'a—u"]
sin D r sin 8
ga—w,.in o)+%‘:l=o . (23)
where
2
2, B gl L8 _ 198 2
v ﬂ-r T (""OBOHTF, “E B + ¥ I -gT) R (24)

is the three dimensional spherical Laplacian operator, 8,\,r

are respectively the colatitude, longitude, and radial distance

e emtman e o o e it A S 1 i 2
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from the center of the earth; 6’ U are respectively the ve-
locity components in the direction of the gradient of © and );
k and M are the constants of universal attraction and the mass
of the earth respectively,

Equation of continuity (23) shows that there exists a

stream function § such that

8y
a (25)
v Lo¥ (26)
A roe

The radial component of relative vorticity may be written

- - Yl
9= 73 {80 (stma)- o

2n
Jf{smﬁ B8 hma -QT}
The radial component of absolute vorticity is
q°=20cosﬂ+-:—§A\V . (28)
where
{sm& -b-a-(sma-a—) -;;T-—ip_-} ' (29)

is the spherical surface-Laplacian operator.
If we further assume that the fluid is homogeneous, the

equations of motion may further be written as follows:

W



R e e it e e o R

gt St s —

- 16 -
U
—t e ) 280
By \(q+2 8 cos 8)
(30)
aed @ [u2 2 kM 22 27
T B8 [(u.+ux)+-:—--'---£—n r sin 0]+vR. .
g—:h+u.(q+20 cos 8)
(31)
ced 8 [ u2)e B kM _y 22 2
= YY) ah [(U0+ Ux )+ » P --él-ﬂ r sin 0]"’7Rx.
where
g U 2cos8 HU
REV Y- 2y —Sc088 Oy
i u'rsina “sincg O\ ' (32)
2 U du
Ry= V' U= —-ho— 4 2088 S0¢ (33)

r sin 8 fzsinae 2
The vorticity equation of a rotating viscous fluid on a

sphere may be written

2. (Y8 _3¥3. &
ot A‘l’+m(aa o b aa)(A‘Y-O-Zﬂ' cos §)

>

(34)
= -fz- éz\}'-i-r-g-’-(rz—q-r-)(-e!)] .
To solve (34) we assume a wave solution of the form
v(a,x.r,z)=-u,zco.aq(a'x,t)f(m‘"‘, (35)

where » is a constant, Yn(e,x,t) an associated Legendre function
of order n with time dependency, s is a parameter which will be

shown to be related to f(r). The term, -~w r2 cos O, represents
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the part of the stream function resulting from a solid rotation
of angular velocity o relative to the rotating earth. This
term is independent of time due to the fact that solid rota-
tion is not affected by friction., By making use of the fact

that Yn satisfies the equation

AV #nln+NY,= 0, (36) -
and also that:
Acos 8=~2cosf , (37
we have from (35):
AV +20rtcos8 = 2(R+wlricos 8 = nl n+1Y, £(r) oVt (38)

After substitution of (35) and (38) into (33), the vorticity

equation reduces to

8% , [ _20+w)] 8Yy _ _[g! ) _ £ ]} .
FI&+{“' aln+1) .51& v{‘ nr -t"i'[’l W=, (39

It is evident that the associated Legendre function yn(e,x,t)

is a solution of differential equation (39) if

Y BA = Y (B2 Rnt) , (40)
and
dzf +]]
;_'_2_,5[..111%.1r ]fgo , (41)
where
d=w- %{%{-;‘-;l . (42)

- A%



M-

A

- 17 -

Differential equation (41) has a solution

t, %

t=r"z 6"n , (43)
where Z ; is a Bessel function of order n + 1 .
n+§ 7

Solution (35) is, therefore

Yo r,t) =~ wzcos 6+ {AnPn(cos ) +i;la?,:i="‘"(cos 8)cos m (A~ n,,wa:‘} .
msl
(44)

l
3 Z | ~vst
r ZIH'{,' (s rle .

Where A, and Aﬁ (m=1,2, ..., n aren + 1 amplitude factors,
Bﬁ (m = 1,2, ... , n) are n phase angles. Whether the harmonic
waves of this system are amplified, unchanged, or damped, de-
pends respectively on

s§o, (45)

where s is associated with the argument of Bessel function

z

Z s€r) ..LFor large values of s2r (in the atmosphere

ptd
2
r=a+zand s2a is of the order of 10%) 2;r% Zn_’__._(s%r)

2
behaves like a circular function or an exponential function

according to whether s is a positive or negative number. This

is similar to what we have found for the case of viscous flow

T
2 4~ 6,37 x 100 m, 2. I.3x 10 w1,
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on a plane. It is also interesting to note that s= -'3-‘-"—1'-”—#0

(a+2)?
if f£(x) is proportional to or independent of r. For this case

flow is approximately equivalent to non-viscous flow,
If all amplitude factors A': vanish except for a certain
m, (45) becomes
2
z-wr cosh

(46)
¥

+ {AnPn(cosOH A:P:‘"(cos 8lcos m(r-Q¢ + 8:')} ;% ZM_ .L(l e nt.

T2
form = 1,2, ... , n, which of course is a solution of (34).
It is seen from (46) and (42) that if the relative angular
velocity, w, is absent, the westward wave velocity increases
with decreasing wave length and increasing lateral extent of
the waves., The corresponding angular velocity of the current

in the direction of the gradient of 6 and X\ are, respectively,

98 ___1__9¥
dt r%sin@ O\
; , 47)
‘m m)’? Z . vt
= i A= :
m cosa{AnF’:(cosa)un m n,,uan)}, ZM_-%_(l rle .
QA.._.T__' f-A%
dt " 2409 86
m
cy—da dPlcos8) mdP(cos) - m\ .
w {A" dlcos T + A aioor gy ©* M nnz+an)} (48)

-% f ¢

~vs
r ZM'%'(‘ re .

P

C AR
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Fig. 1
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Comparison of the corresponding terms in (46), (47), and (48)
shows that the first term of the right hand side of (46) is
the part of the stream function resulting from a solid rota-
tion of angular velocity w relative to the rotating earth,
The second term of the right hand side of (46) gives a purely
zonal current, whereas the last term gives both zonal and me~
ridional flows.

The part of the stream function representing the last
term of (46) gives 2m nodal meridians, or m waves along each

latitudinal circle. In addition:

m
P;"(cos 6)=sin"8 -d—m—?r .
d{cos 8)

This is a polynomial in cos © of degree (n — m) which vanishes
on n -~ m parallels between the poles. Therefore, this part of
the stream function gives cells over the globe which is total

2n (n -~ m + 1) in number. These traveling cells possess a

period
) P A—
n- 2(0+ w) )
o[- 2] (49)

It is interesting to note that invisid, spherical-flow waves

become stationary if

e 28
YET h=Ntat2) ° (50)
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It is seen from (46) that no stationary wave is possible in
viscous flow over a rotating sphere, since this condition would
also require s = 0, But Zn+_£_(0)= 0 for n # -1/2. However,
quasi-stationary waves, which may be defined as waves with zero
wave-velocity but changing wave-amplitude, may occur when con-
dition (50) is satisfied., In order to illustrate the distri-
bution of harmonic waves over a spherical surface, the stream
function of an example for quasi-stationary case withm = 4

and n = 5 has been sketched as shown in fig. 1.

4, Conclusions

It has been shown that solutions of the nonlinear vorti-
city equation for a rotating viscous fluid yield waves which
vary with both height and time., Whether these waves are damped,
neutral, or amplified depends on the longitudinal and latitu-
dinal extents of the waves, and also on the vertical profile
of their stream function (therefore their velocity components).
This is evidently due to the effect of Navier-Stokes friction,

Plane~flow waves, for which velocity components are pro-
portional to or independent of height or have a sinusoidal
vertical profile, appear always to be damped; on the other
hand, waves, for which velocity components vary with the hyper-

bolic sine and cosine of z, may be amplified, neutral, or

Pt
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damped, depending respectively on Ka(lﬁ-q2)§ ;2 . The ve-
locity of propagation of these waves is

B

€2 U —gy
K21+ 90

which is independent of height. However, it is of importance

to note that here U is not generally equal to the mean zonal

velocity.

For spherical flow, waves are amplified, neutral or damp-
ed, depending respectively on s30, where s is associated

with the vertical profile of the streaT function, which was

found to be proportional to r2z ,(JEH . For large values
A 1 n+z

of sar,r Zz . ,(sar) behaves like a sinusoidal or exponential
n+— .

function of s#r s depending respectively on whether s is a
positive or negative quantity. The period of these spherical
waves was found to be

Tm 2

o[- 20ea]

It was also found that no stationary wave is possible in
spherical viscous flow, although quasi-stationary waves, which
may be defined as waves with zero wave-velocity but changing

wave~amplitude, may occur when

28
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Harmonic waves are generally damped in a laminar viscous
flow between two rotating plates or spherical shells, since
waves must vanish on the solid boundaries. This permits only
a sinusoidal vertical profile of the stream function. It is
seen from the properties of Bessel function that for a certain i
integer n the greater the value of s, the smaller the distance
between neighboring zeros of Znﬁ“L(s%r) . This means that i
the smaller the distance between two neighboring zeros of the
vertical profile of the stream function, the greater is the

damping factor,
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